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Introduction

L’algeébre de Hopf de Connes-Kreimer des foréts enracinées (dont les sommets sont éventuellement
décorés) HE . est introduite dans [CK98, Moe01]. Cette algébre de Hopf graduée (par le nombre de
sommets), commutative et non cocommutative est utilisée dans [CK00, CK01| pour étudier un probléme
de renormalisation dans la théorie des champs quantiques. Voici par exemple les foréts enracinées décorées
par un ensemble D de degré inférieur a 4 :

c

e a €D, 12, (a,b) € D2, "o b (a,b,e) € DP

¢ c Id Co od %f
TN N, Y (@b, e d) € D
Le coproduit est défini & partir de coupes admissibles sur les arétes. Par exemple,

c

AHgK(b{/;d):bK/;d ®1+1®b{/;d R S VANNI IS T RN RIS RS P S

Une version non commutative, ’algébre de Hopf HRC i des foréts enracinées planes, est donnée dans
[Foi02a, Foi02b, Hol03]. HZ,. et HY . vérifie chacune une propriété universelle en cohomologie de
Hochschild. Avec un ordre total sur les sommets, on défini ’algébre de Hopf des foréts ordonnées H, et,
avec une condition de croissance en plus, on obtient ’algébre de Hopf des foréts ordonnées en tas Hy,
(voir [FU10, GL90]). Par exemple,

— les foréts enracinées planes de degrés < 4 :

VNS SUUUUE SUBE S VA JUUDUIE SUUDE SUNDE S VAL VAR SUNE S S O 8 I\/ \} \fi ,

)

— les foréts ordonnées de degrés < 3 :

2 1 13 12 13 11 2 1
ely,e1 02, 01 ,82,0]0203,0] 62,01 63, 6] 2,263, 8] 3, 62 e3,

3 2 3 1 2 1
AANR ANV N CIR TR IR AN
1 2 3 981 561 5302 5,62 583,63,

— les foréts ordonnées en tas de degrés < 3 :

3
2 3 3 2 2%/3 Ez
u17c102,117010203701I2702I1"311’vl 901 -

Par ailleurs, l’algébre de Hopf FQSym? des fonctions quasi-symétriques (éventuellement décorées)
est introduite dans [DHT02, MR95]. Dans [FU10], L. Foissy et J. Unterberger prouvent qu’il existe un
morphisme d’algébres de Hopf, décrit au théoréme 6, de H, dans FQSym. Il montre de plus que sa
restriction a Hp, est un isomorphisme d’algebres de Hopf. A partir de FQSym?, on peut construire
I’algébre de Hopf Sh” des mots en I’alphabet D dont le produit est le battage des mots et le coproduit
est la déconcaténation (voir [Hof00]).

Nous définissons ici une généralisation des foréts ordonnées : les foréts préordonnées. Un préordre est
une relation binaire réflexive et transitive. Une forét préordonnée est une forét enracinée avec un préordre
total sur ses sommets. Voici les foréts préordonnées de degrés < 3 :

Il 2 Il Il IQ Il IQ I3 I2
el,el el 0102, 61,61 ,82,e]lelel elele2,e]0202,0]0203,0] ¢] 01 61 ;01 62,01 62,01 62,071 ¢3,
2

1
) 5 1 3 . 5 VAR VA VAR VAN VN VAR VAN VA }1 Il
B I A I P & B & G e A R S

1 1 2 2 1 3 2 3 2 1 1
2 bl bl bl B fs b
1 902 981 582 ;02 ;81 561 582 ;63 62 5,63 .
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Nous prouvons que ’algébre des foréts préordonnées H,, est une algébre de Hopf pour le coproduit
de coupes. Avec une condition de croissance, nous définissons aussi 1’algébre des foréts préordonnées en
tas Hppo. Par exemple, en degré < 3 :

3
OO LSRN TSP - SO TSN RO TR VA VA
Nous prouvons que ’algébre des foréts préordonnées en tas Hp,, est une sous-algébre de Hopf de H,,.

L’algébre de Hopf des mots tassés WQSym™ est introduite par J.-C. Novelli et J.-Y. Thibon dans
[NTO6]. A partir d’une version décorée du dual gradué WQSym?” de WQSym, on définit Palgebre de
Hopf Csh” des mots en I’alphabet D dont le produit est le battage contractant des mots et le coproduit
est la déconcaténation (voir [Hof00]). En remplagant dans [FU10| les foréts ordonnées par les foréts
préordonnées et les fonctions quasi-symétriques par les mots tassés, nous établissons un lien entre H,, et
WQSym* : nous démontrons au théoréme 11 qu’il existe un morphisme d’algébres de Hopf de H,,, dans
WQSym*. On montre de plus que la restriction de ce morphisme a Hy,, est injective.

Dans [CEFM11], D. Calaque, K. Ebrahimi-Fard et D. Manchon introduisent, dans le cas commutatif,
un autre coproduit sur les foréts enracinées donné en contractant certaines arétes (voir aussi [MS11]). Ce
coproduit de contraction est défini sur un quotient Cox de Heoig et Cog est alors une algébre de Hopf
graduée par le nombre d’arétes, commutative et non cocommutative. Nous donnons une version décorée
Cg x de Ccg, ol ce sont les arétes qui sont décorées. Voici les foréts appartenant a Cg x de degrés < 3:

l,aeD, b, 1o (ab)eD2

SRR A A VAR N I Iv \} N %” ,(a,b,¢) € D.

2

c

En appliquant le coproduit de contraction a ’arbre a{/.b , on obtient :

ACgK(Ca{/'b ) = I\/b Q.+, ®Ca£/'b TE QM 1M +b ol ik g
+M ok +li e,

Nous définissons deux opérations Y et > sur ’espace vectoriel TEK de base les arbres de Cg k- On
démontre alors que (T2, Y,>) est une algébre commutative pré-Lie, c’est-a-dire que (T2, Y) est une
algébre commutative, (TgK, >>) est une algebre pré-Lie et que, pour tout z,y, z € TgK,

x> (yYz)=(x>y)Yz+(x>2) Yy

On prouve que (Tg i, Y, >) est engendrée comme algébre commutative pré-Lie par les arbres ¢ , d € D.

Nous construisons une version non commutative de Cog. Pour cela, nous construisons des quotients
Cncks Cho, Co, Chpo et Cpp de Hycok, Hpo, Hy, Hyppo et Hy,. Nous définissons un coproduit de
contraction sur ces quotients. Nous prouvons aux théorémes 21 et 22 que Cy,,, C,, Cppo et Cp, sont des
algébres de Hopf et que Cycox est un comodule a gauche sur 1'algébre de Hopf Cy,.

Nous étudions ensuite les morphismes d’algebres de Hopf de HgK ou CgK dans Sh” ou Csh?.
Nous donnons dans chacun des cas une description combinatoire de ces morphismes utilisant les objets
déja introduits. On remarque en particulier que le coproduit de contraction et les foréts préordonnées
apparaissent naturellement. Par ailleurs, dans le cas des morphismes d’algébres de Hopf de HgK dans
ShD, on obtient une extension du morphisme d’arborification décrit par J. Ecalle et B. Vallet dans [EV04].

Dans [Foil0], L. Foissy introduit la notion d’algébre de greffe a droite (ou RG-algébre) et d’algébre
de greffe a gauche (ou L£G-algebre). Une RG-algébre est une algébre associative (A, ) munie d’une greffe
a droite < telle que, pour tout x,y,z € A,

(r<y) <z = z<(y*z),
(xxy) <z = xx(y=<2z2).

Il prouve que 'algébre de foréts enracinées planes est 1’algébre de greffe & droite libre & un générateur
et démontre que (Ass, RG, Mag) est un bon triplet d’opérades (voir [Lod08| pour la notion de triplet
d’opérades). D’autre part, P. Leroux définit dans [Ler03, Ler08] les L-algébres, qui sont des algébres
munies de deux opérations >~ et < avec la relation d’entrelacement = > (y < 2) = (x > y) < z.
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Nous introduisons ici la notion d’algebres bigreffe. Une algébre bigreffe (A, *, >, <) (ou BG-algebre)
est une algébre de greffe a gauche (A, *, =), une algébre de greffe a droite (A, *, <) et une L-algébre
(A4, >, =<). On construit I’algebre bigreffe libre a un générateur. Pour cela, on considére I'algébre Hpa
des arbres enracinés plans dont les arétes sont décorées avec deux décorations [ et r (avec une condition
d’ordre sur les décorations). Voici par exemple les arbres de Hpg de degrés en sommets < 4 :

o LA A B R RN NSNS NS e e e
o NN YNV Y ETEEEEEE

Nous définissons sur Hpg un opérateur de greffe noté Bpg et nous démontrons que (Hpg, Bpg) est
un objet initial dans une certaine catégorie. Ceci nous permet de munir Hgg d’un coproduit, qui peut étre
décrit a partir de coupes admissibles sur les arétes, et d’'un couplage de Hopf. On prouve au théoréme 46
que l'idéal d’augmentation M pe de Hpg est la BG-algebre libre & un générateur. On peut alors calculer
la dimension de l'opérade bigreffe BG et donner une description combinatoire de la composition.

L’opérade bigreffe est une opérade binaire et quadratique. Elle admet donc une opérade duale et nous
donnons une présentation de son dual de Koszul BG '. Nous décrivons la BG I—aulgéblre libre & un générateur.
C’est un quotient de l’algébre bigreffe Hpa dont les foréts de degrés < 4 sont :

0700711 7I7"...7l I l\/.l lv .\/.
et e N N N

Nous utilisons celle-ci pour construire I’homologie associée a une BG-algébre. En utilisant une méthode
de réécriture (voir [DK10, Hof10, LV12]), on prouve que 'opérade bigreffe est Koszul et on donne des
bases de PBW de BG et de BG'.

Nous nous intéressons ensuite aux relations de compatibilités entre %, =, < et le coproduit de décon-
caténation A 4,,. Ceci nous permet d’introduire la notion de blalgebres bigreffes infinitésimales : c’est
une famille (4, *, >, <, AASS) ol x, =, < A®A = A, Auss: A > AR A, telle que (A, *,>=,<) est une
algébre bigreffe et pour tout a,y € A :

Aussexy) = (2@1)*Auss(y) +Bass(@) x (L y) +z @y,
éAss ({I? - y) = (~x & ]-) >~ A.Ass (y)7
Apss(x <y) = Auss(z) < (1®y).

Nous démontrons au théoréme 85 un analogue des théorémes de Poincaré-Birkhoff-Witt et de Cartier-
Milnor-Moore dans le cas des bialgébres bigreffes infinitésimales (en utilisant les résultats de [Lod08]).
Pour cela, nous montrons que le sous-espace des éléments primitifs d’une bialgébre bigreffe infinitésimale
est une L-algébre ce qui nous permet d’obtenir une description combinatoire de la L-algébre libre a un
générateur. On définit 'algébre bigreffe enveloppante universelle d’une L-algébre. On prouve alors le
théoréme de rigidité annoncé et on en déduit que (Ass, BG, £) est un bon triplet d’opérades.

Dans [Men02], F. Menous étudie certains ensembles de probabilités associés & une variable aléatoire
sur R. Pour cela, il est amené & construire par récurrence, avec un formalisme proche de celui du calcul
moulien, un ensemble de foréts ordonnées noté G : par exemple, en degré en sommets < 4, les foréts de
G sont

2 1 3

2 »3
12 11 TIRE s AIEAVAIRTURE o b
ely0]1 02, 1 2 0] e2e3,0] 2 1 1'37 ) 2'3) 2 ) 3 ) 3 3 901 e2e304,0] 2 3301 2 1 9

3

3 . 2 3 3 3 3
13 3¢ 04 4 EB 3¢ 04 1214 2¢ #4 20\[3 2e98 4 III 4 1v3 19904
°1 2044501 2 981 581 o4, 1 ]'3 4 3 1 1 e4, 1 2'3 4 2 2 4, 2
2 2
2 5 2 i 1 9 Is 2 2 2 L2 12 i
18 02 1W4 El 14 24 Ez 2¢ 24 19983 1% p2 1 18 #3 1 2¢ #3 2 3 3 3
3 e4, 3 543 4, 3 9%3 4, 3 4 4 5 %4, 4 4 4 4 4 %4 5¢%4 -

Nous proposons d’étudier cet ensemble G. Pour cela, nous introduisons deux opérateurs de greffes
BT et B™, a partir desquels nous proposons une construction de I’ensemble G. Nous donnons différentes
propriétés combinatoires sur G. Ceci nous permet en particulier de démontrer que I’algébre B> = K|[G]
est une algébre de Hopf (proposition 93) et de calculer sa série formelle. Toujours avec les opérateurs
BT et B~, nous construisons une suite croissante (Gi)i>1 de sous-ensemble de G. Nous prouvons a la

i

proposition 96 que pour tout entier i > 1, B* = K[G’] est une algébre de Hopf et on obtient ainsi un
"dévissage" de 1’algébre de Hopf B> avec les inclusions B! C ... C B C Bit! C ... C B~.
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Nous construisons ensuite & ’aide des opérateurs BT et B~ un ensemble d’arbres ordonnés T contenant
les arbres de G. Voici les arbres de T de degrés en sommets < 4 :

2 g2 41 3 2 3 1 2 2 13
IR TREAVANEVA {3 il 12 12 2pe 1424 e 2pd e 3pd 2qpd
1 17121 1 2 9%1 583 54¢3 3 1 3 2 3 3 1, 1

3 2 2 1 2

3 13 15 2403 2403 11 1gp3 [3 p2 }5 02 12! 12 2

4 1 4 4 4 1 3 2 3 3 1 183 1 2 2¢83 1 3 1e983
1y 2 901 1 4 »%4 4 %4 4 %4 4 4 4 4 4

On démontre a la proposition 99 que B = K][T] est une algeébre de Hopf et on donne sa série formelle.
On munit B d’une structure de bialgébre dupliciale dendriforme (voir [Foi07, Foil2, Lod08]). En utilisant
les résultats de [Foil2], nous en déduisons que B est colibre et auto-duale. D’autre part, on définit sur
I’algébre B deux greffes a gauche et a droite de sorte que B est une algébre bigreffe. On démontre enfin
au théoréme 115 qu’elle est engendrée comme algébre bigreffe par I'unique arbre de degré 1.

La rédaction de la thése suit 'ordre des résultats décrits ci-dessus. Le chapitre 1 est consacré a des
rappels sur les algebres de Hopf de foréts (enracinées, enracinées planes, ordonnées et ordonnées en tas).
On rappelle aussi la construction de FQSym?P et de Sh”.

Dans le chapitre 2, nous introduisons les algébres de Hopf des foréts préordonnées H,,, et préordonnées
en tas Hp,p,. Nous rappelons la construction de WQSym™ et nous construisons un morphisme d’algébres
de Hopf de H,,, dans WQSym*. Par ailleurs, on définit le coproduit de contraction dans le cas commutatif
et non commutatif. On décrit enfin les morphismes d’algébres de Hopf de Hox ou Cog dans Sh” ou
Csh”.

Nous nous intéressons dans le chapitre 3 aux algebres bigreffes. Nous décrivons 1’algébre bigreffe libre
a un générateur Hpg. On calcul I'opérade duale de I'opérade bigreffe et on prouve de plus qu’elle est
Koszul. On prouve enfin que (Ass, BG, L) est un bon triplet d’opérades.

Dans le dernier chapitre, nous étudions des algébres de Hopf de foréts ordonnées BY, B® et B
construites & partir de deux opérateurs de greffes BT et B~. Nous prouvons que B est une algébre
de Hopf colibre et auto-duale. Enfin, on muni B d’une structure d’algeébre bigreffe et on prouve qu’elle
est engendrée par un seul générateur comme algébre bigreffe.



Notations

Tout les espaces vectoriels, les algébres et les cogébres sont définis sur un corps K de caractéristique
nulle. Etant donné un ensemble X, nous noterons par K (X) 'espace vectoriel engendré par X. Pour tout
espaces vectoriels V et W, V ® W désignera le produit tensoriel de V par W sur K.

Soit m un entier naturel. On note 3, le groupe symétrique d’ordre n (X9 = {1}) et ¥ 'union disjointe
des X, pour tout n > 0.

Soit V = @ V,, un K-espace vectoriel gradué. Nous notons V& = @ V.© le dual gradué de V. Si H
n=0 n=0

est une algébre de Hopf graduée, H® est aussi une algébre de Hopf.

Soient V' et W deux K-espaces vectoriels. On note 7 : VW — W ®V I'unique application K-linéaire,
appelée volte, telle que 7(v @ w) = w ® v pour tout vRw € V@ W.

Soit (A, A, ) une cogebre counitaire. Alors :
1. Ker(e) est I'idéal d’augmentation de A et on le notera (A)..
2. Soit 1 € A, non nul, tel que A(1) =1 ® 1. On note alors A le coproduit non counitaire défini par :

< | Ker(e) — Ker(e)® Ker(e),
A'{ a — Ala)—a®1l-1®a.

ix
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Chapitre 1

Hopf algebras of trees

Introduction

Ce chapitre est consacré a des rappels sur des algébres de Hopf de foréts. Nous introduisons ’algébre de
Hopf de Connes-Kreimer des foréts enracinées Hg & avec éventuellement des décorations sur les sommets.
Nous rappelons la définition du coproduit donné par des coupes admissibles sur les arrétes (voir [CK98,
Moe01] pour plus de détails). Nous donnons une version non commutative de I’algébre de Connes-Kreimer
construite & partir de foréts enracinées planes et notée HY ;- (voir [Foi02a, Foi02b, Hol03]). On rappelle
que Hg x et HEC i Vvérifient chacune une propriété universelle en cohomologie de Hochschild.

Avec un ordre total sur les sommets d’une forét, nous définissons 1’algébre de Hopf des foréts ordonnées
H,. En ajoutant en plus une condition de croissance, on obtient ’algébre de Hopf des foréts ordonnées en
tas Hy, (voir [FU10, GL90]). Par ailleurs, nous rappelons la construction de 1’algébre de Hopf FQSym?”
des fonctions quasi-symétriques éventuellement décorées (plus de détails dans [DHT02, MR95]). On donne
alors une description du morphisme d’algébres de Hopf de H, dans FQSym construit par L. Foissy et
J. Unterberger dans [FU10]. Enfin, a partir de FQSymD, nous donnons une construction de ’algébre de
Hopf Sh” des mots en I’alphabet D dont le produit est le produit de battage des mots et le coproduit
est la déconcaténation (voir [Hof00]).

Le chapitre est organisé comme suit : nous introduisons dans la premiére partie ’algébre de Hopf
de Connes-Kreimer HZ .. Dans une seconde partie, nous décrivons 1’algébre de Hopf HY ;- des foréts
enracinées planes. La derniére partie est consacrée aux algébres de Hopf H, et Hy, des foréts ordonnées
et ordonnées en tas. Nous donnons leurs constructions. Nous définissons FQSymD puis Sh”. Enfin nous
décrivons un morphisme d’algébre de Hopf entre H, et FQSym.

1.1 The Connes-Kreimer Hopf algebra of rooted trees

We briefly recall the construction of the Connes-Kreimer Hopf algebra of rooted trees [CK98]. A rooted
tree is a finite graph, connected, without loops, with a distinguished vertex called the root [Sta02]. We
denote by 1 the empty rooted tree. If T' is a rooted tree, we denote by Ry the root of T'. A rooted forest is a
finite graph F' such that any connected component of I is a rooted tree. The length of a forest F', denoted
I(F'), is the number of connected components of F. The set of vertices of the rooted forest F' is denoted by
V(F'). The vertices degree of a forest F', denoted |F|,, is the number of its vertices. The set of edges of the
rooted forest F is denoted by E(F'). The edges degree of a forest F', denoted |F|_, is the number of its edges.

Remark. Let F be a rooted forest. Then |F|, = |F|, + I(F).

Examples.
1. Rooted trees of vertices degree <5 :

cavivb oyl b vel v vl

2. Rooted forests of vertices degree < 4 :

EUUUUNE SUUUUE DU VA SUUUUNE SUUE B SR VONE SO {/ Y% .
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Let D be a nonempty set. A rooted forest with its vertices decorated by D is a couple (F,d) with F
a rooted forest and d : V(F) — D a map.

Examples. Rooted trees with their vertices decorated by D of vertices degree smaller than 4 :

c

..,a €D, 12, (a,b) € D2, "o b (a,b,¢) € D3

d ce od

.. a
gt At ot Y H ed) e D

Let Fy., be the set of rooted forests and Ff ,  the set of rooted forests with their vertices decorated
by D. We will denote by Ho g the K-vector space generated by Fy., and by Hg x the K-vector space
generated by IE‘EICK. The set of nonempty rooted trees will be denoted Ty, and the set of nonempty
rooted trees with their vertices decorated by D will be denoted ']I‘I?ICK. Hox and Hg K are algebras : the
product is given by the concatenation of rooted forests.

Let F' be a nonempty rooted forest. A subtree T' of F' is a nonempty connected subgraph of F. A
subforest Ty ... Ty of F is a product of disjoint subtrees T7,...,Tx of F. We can give the same definition
in the decorated case.

Examples. Consider the tree T' = {/ . Then :

— The subtrees of T are . (which appears 4 times), ! (which appears 3 times), V', i and {/ (which
appear once).
— The subforests of T are .., I . (which appear 6 times), ., ... (which appear 4 times), !, ! .. (which

appear 3 times) and V', E, ceen, Vo, E . I\/ (which appear once).

Let F be a rooted forest. The edges of F' are oriented downwards (from the leaves to the roots). If
v,w € V(F), we shall note v — w if there is an edge in F' from v to w and v — w if there is an oriented
path from v to w in F'. By convention, v — v for any v € V(F).

If F is a rooted forest and if v € V(F), then :

— h(v) is the height of v, that is to say the number of edges on the oriented path from v to the root

of T

— f(v) is the fertility of v, that is to say the cardinality of {w € V(F) | w — v}.

The height of a rooted forest F' is h(F') = max ({h(v), v € V(F)}). We shall say that a tree T is a corolla
if h(T) <1 and a ladder if, for all v € V(T) that is not a leaf, f(v) = 1.

Let v be a subset of V(F'). We shall say that v is an admissible cut of F', and we shall write v = V(F),
if v is totally disconnected, that is to say that v / w for any couple (v, w) of two different elements of
v. If v = V(F), we denote by Lea,,(F') the rooted subforest of F' obtained by keeping only the vertices
above v, that is to say {w € V(F), Jv € v, w — v}, and the edges between these vertices. Note that
v C Leay(F). We denote by Roo,(F) the rooted subforest obtained by keeping the other vertices and
the edges between these vertices.

In particular, if v = (), then Lea,(F) =1 and Roo,(F) = F : this is the empty cut of F. If v contains
all the roots of F', then it contains only the roots of F', Lea,(F) = F' and Roo,(F) =1 : this is the total
cut of F. We shall write v | V(F) if v is a nontotal, nonempty admissible cut of F.

Connes and Kreimer proved in [CK98| that He i is a Hopf algebra. The coproduct is the cut coproduct
defined for any rooted forest F' by :

Ao, (F)= > Leay(F)® Rooy(F)=F@1+1@F+ > Leay(F)® Rooy(F).
vV (F) v|=V (F)

For example :

AHCK(K[): {/®1+1®{/+.® Vitol+.0lt..0l+1.0..
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In the same way, we can define a cut coproduct on HEK. With this coproduct, HgK is also a Hopf
algebra. For example :

c

AHgK(bI\/a,d):”K/Ld ®1+1®’”de T A R T BN | SN RIS TR S

Hcx is graded by the number of vertices. We give some values of the number fHcx of rooted forests
of vertices degree n :

n |0[1]2|3[4]5]|6]| 7 | 8] 9] 10
Sex T1T1[2]4]9]20 48115286 | 719 | 1842
This is the sequence A000081 in [Slo].

We define the operator Boxk : Hox — He i, which associates, to a forest F' € He g, the tree obtained
by grafting the roots of the trees of F' on a common root.

Examples.
Bex(1) = . |Bek(..) = VY |Bek(eeo) = V | Beg(V) = Y
Box(s) = 1| Bex(1) = 1 | Beg(l.) = % Box() = i

It is show in [Moe01] that (Heok, Bok ) is an initial objet in the category of couples (A, L), where A
is a commutative algebra and L : A — A any linear operator. Explicitely, one has :

Theorem 1 Let A be a commutative algebra and let L : A — A be a linear map. Then there exists a
unique algebra morphism ¢ : Hox — A, such that ¢ o Bog = Lo ¢.

In particular, A, : Hox = Hox ® Heok is the unique algebra morphism such that

Algx ©Box = Borg @14+ (Id ® Bog) © Al -

1.2 Hopf algebras of planar trees

We now recall the construction of the noncommutative generalization of the Connes-Kreimer Hopf
algebra [Foi02a, Hol03].

A planar forest is a rooted forest F' such that the set of the roots of F' is totally ordered and, for any
vertex v € V(F'), the set {w € V(F) | w — v} is totally ordered. Planar forests are represented such
that the total orders on the set of roots and the sets {w € V(F) | w — v} for any v € V(F) is given
from left to right. We denote by T, ., the set of nonempty planar trees and Fgr, ., the set of planar
forests.

Examples.

1. Planar rooted trees of vertices degree <5 :

aviv b v vl b b e v e v v vyl

2. Planar rooted forests of vertices degree < 4 :

TUUUUUR SUUUUE DU SR VA8 SUUURIE SUNUE SUPEE JEL VASURER VI SUPE S8 S O 28 I\/ \/17 Y,% .

If v = V(F), then Lea,(F) and Roo,(F') are naturally planar forests. It is proved in [Foi02a| that
the space Hyc i generated by planar forests is a Hopf algebra. Its product is given by the concatenation
of planar forests and its coproduct is defined for any rooted forest F' by :

Ayer(F)= Y Leay(F)® Rooy(F)=F®@1+1®@F+ Y Leay(F)® Rooy(F).
vV (F) vl=V(F)
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For example :

{/'®1+1®{/'+.® Vitgl+.ol+0l+l.0.,

AHNCK(\/I) = \/I®1+1® 'VI r.oVilel+.0l+0l+.0®..

AHNCK ( {/ )

As in the nonplanar case, there is a decorated version HRC x of Hyoi. Moreover, Hyck is a Hopf
algebra graded by the number of vertices. The number fH~cx of planar forests of vertices degree n (equal
to the number of planar trees of vertices degree n + 1) is the n-Catalan number %, see sequence
A000108 of [Slo]. We have :

1—-+v1—-4x

1—+1—-4z
2 ’ ’

o (1.1)

THyex (I) = Fraycx (33) =

This gives :

n |o[1|2]3[4|5]6 | 7] 8 | 9 | 10
Samvex [T 11 2]5 (1442132429 | 1430 | 4862 | 16796

As in the commutative case, we define the operator Byck : Hyvex — Hyck, which associates, to a
planar forest F' € Hyo, the tree obtained by grafting the roots of the trees of F' (from left to right) on
a common root.

Examples.

Byex(1) = . Bryex(1) = b | Byew( 1) = v, Byex(l..) = Yy
Byer(s) = 1 Bnek(eer) = VYV | Byek(V) = \{ Byox(V.) = \</
Brox(es) = V| Byox(l.) = % Bryox() = f Byox(- V) = V

We have a noncommutative version of theorem 1 (see [Moe01]) :

Theorem 2 Let A be an algebra and let L : A — A be a linear map. Then there exists a unique
morphism ¢ : Hyox — A, such that ¢ o Byox = Lo ¢.

As in the commutative case, Apyox : Hvox = Hyox @ Hycox is the unique algebra morphism
such that

AHNCK o Bnyck = Bnexk @1+ (Id® BNCK) o AHNCK'

1.3 Ordered and heap-ordered forests

1.3.1 Construction

Definition 3 An ordered forest F is a rooted forest F' with a total order on V(F'). The set of ordered
forests is denoted by Fy, and the K-vector space generated by Fe, is denoted by H,.

Remarks and notations. If F' is an ordered forest, then there exits a unique increasing bijection
o:V(F)—{1,...,|F|,} for the total order on V(F).

Reciprocally, if F' is a rooted forest and if o : V(F) — {1,...,|F|,} is a bijection, then o defines a
total order on V(F') and F' is an ordered forest.

Depending on the case, we shall denote an ordered forest by F or (F, o).

Examples. Ordered forests of vertices degree < 3 :

o= W
oo

3 2
2 1 3 2 3 1 2 1 2803 13 12 Ez i? I
1,01,o1~2,Il,Iz,o1~203,o1127-113,11-2,-2I3,11-3712~37 1, Y2, V3,471,061,
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Let (F,o%) and (G,0%) be two ordered forests. Then the rooted forest F'G is also an ordered forest
(FG,a"%) where

VIO)UV(G) — {L,...|F[,+]G[,}
of¢ =6 20 aeV(F) — of(a) (1.2)
a€V(G) — o%a)+|F|,.

In other terms, we keep the initial order on the vertices of F' and G and we assume that the ver-
tices of F' are smaller than the vertices of G. This defines a noncommutative product on the set of
ordered forests. For example, the product of ., and I? gives ., 13 = 13.,, whereas the product of 13
and ., gives !5 .5 = .5 13 . This product is linearly extended to H,, which in this way becomes an algebra.

H, is graded by the number of vertices and there is (n + 1)"~! ordered forests in vertices degree n,
see sequence A000272 of [Slo].

If F is an ordered forest, then any subforest G of F' is also ordered : the total order on V(G) is the
restriction of the total order of V(F'). So we can define a coproduct Ay, : H, — H, ® H, on H,, in the
following way : for all F' € Fyy_,

Am,(F)= > Leay(F)® Rooy(F).
vl=V (F)

For example,

1 1

1 1
AHD(%;S):“I\/;B ®1+1®4{f23 rae Vel ra el faael tlne.,.
With this coproduct, H, is a Hopf algebra.

Definition 4 [GL90] A heap-ordered forest is an ordered forest F' such that if a,b € V(F'), a # b and
a —» b, then a is greater than b for the total order on V(F). The set of heap-ordered forests is denoted by

Fy,,.

Examples. Heap-ordered forests of vertices degree < 3 :

3
2 3 3 2 2%/3 £2
1u'17°1-27I17-1-2-37-1127-2:17-311,.\/1 s o1 -

Definition 5 A linear order on a nonempty rooted forest I is a bijective map o : V(F) — {1,...,|F|,}
such that if a,b € V(F) and a - b, then o(a) > o(b). We denote by O(F') the set of linear orders on the
nonempty rooted forest F.

Remarks. If (F,0) is a heap-ordered forest, then the increasing bijection ¢ : V/(F') — {1,...,|F|,}
is a linear order on F'. Reciprocally, if F is a rooted forest and o € O(F'), then o defines a total order on
V(F) such that (F, o) is a heap-ordered forest.

If F and G are two heap-ordered forests, then F'G is an ordered forest with (1.2) and also a heap-
ordered forest. Moreover, any subforest G of a heap-ordered forest F' is also a heap-ordered forest by
restriction on V(G) of the total order of V' (F'). So the subspace Hp, of H, generated by the heap-ordered
forests is a graded Hopf subalgebra of H,,.

The number of heap-ordered forests of vertices degree n is n!, see sequence A000142 of [Slo].

Remarks.

1. A planar forest can be considered as an ordered forest by ordering its vertices in the "north-west"
direction, that is to say from bottom to top and from left to right (this is the order defined in [Foi02a]
or given by the Depth First Search algorithm). This defines an algebra morphism ¢ : Hycx — H,.
For example :

3
NAVA o2 Vi %, e
(1.3)
9, N

v
vl e | oot |1 Y Yy
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2. Reciprocally, an ordered forest is also planar, by restriction of the total order to the subsets of
vertices formed by the roots or {w € V(IF) | w — v}. This defines an algebra morphism ¢ : H, —
Hycok. For example :

: ]
.12 .1 L1 . 3{1;1:‘; NS,

P

o — . : L . (1.4)

el vivwe S vy v e Yy

Note that ¢ o ¢ = Idp ., therefore ¢ is surjective and ¢ is injective. 1) and ¢ are not bijective (by
considering the dimensions).

Moreover ¢ is a Hopf algebra morphism and its image is included in Hp,. 9 is not a Hopf algebra
2

morphism : in the expression of (¥ ® ¥) o Ag, (.3 Ei ) we have the tensor !. ® . and in the expression
2

of AHyex ©¥(es E}L ) we have the different tensor . ! ® .. By cons, the restriction of ¢ to Hp, is a Hopf
algebra morphism.

In the following, we consider Hycx as a Hopf subalgebra of Hy, and H,.

1.3.2 Hopf algebra of permutations

Notations.

1. Let k, [ be integers. A (k,[)-shuffle is a permutation ¢ of {1,...,k+(}, such that {(1) < ... < (k)
and ((k+1) <...<{(k+1). The set of (k,[)-shuffles will be denoted by Sh(k,).

2. We represent a permutation o € 3, by the word (c(1)...0(n)).
For example, Sh(2,1) = {(123), (132), (231)}.

Remark. For any integer k, [, any permutation o € X, can be uniquely written as eo(o1 ®03), where
o1 € 3k, 03 € Xy, and € € Sh(k,l). Similarly, considering the inverses, any permutation 7 € X4, can be
uniquely written as (11 ®2)o(~1, where 11 € ¥y, 7o € 3, and ¢ € Sh(k,l). Note that, whereas € renames
the numbers of each lists (o(1),...,0(k)), (o0(k +1),...,0(k + 1)) without changing their orderings, (!
shuffles the lists (7(1),...,7(k)), (r(k+1),...,7(k+1)). For instance, if k = 4, ] = 3 and o = (5172436)
then

e 0 =co (0] ®0g), with e = (1257346) € Sh(4,3), o1 = (3142) € ¥4 and o2 = (213) € X3,

e 0= (1 ®7) o (!, with 7y = (1243) € X4, 7» = (132) € 3 and ¢ = (2456137) € Sh(4,3).

We here briefly recall the construction of the Hopf algebra FQSym of free quasi-symmetric functions,
also called the Malvenuto-Reutenauer Hopf algebra [DHT02, MR95]. As a vector space, a basis of FQSym
is given by the disjoint union of the symmetric groups 3, for all n > 0. By convention, the unique element
of ¥y is denoted by 1. The product of FQSym is given, for 0 € ¥, 7 € 3, by :

oT = Z (c®@T1)o¢
ceSh(k,)

In other words, the product of ¢ and 7 is given by shifting the letters of the word representing 7 by k,
and then summing all the possible shufflings of this word and of the word representing o. For example :

(123)(21) = (12354) + (12534) + (15234) + (51234) + (12543)
+(15243) + (51243) + (15423) + (51423) + (54123).

Let 0 € ¥,,. For all 0 < k < n, there exists a unique triple (ng), oék), ek> € Xk XXk x Sh(k,n—k)

such that o = ¢ o (0’§k) ® Jék)>. The coproduct of FQSym is then defined by :

n

n
Arqsym(0) = Z ‘7519) ® Uék) = Z Z 01 ® 0.
k=0

k=0 oc=e€0(01®02)
e€Sh(k,n—k),01€X,020€Z



1.3. ORDERED AND HEAP-ORDERED FORESTS 7

Note that O’;k) and Jék) are obtained by cutting the word representing o between the k-th and the (k+1)-
th letter, and then standardizing the two obtained words by the following process. If v is a words of length
n whose the letters are distinct integers, then the standardizing of v, denoted Std(v), is the word obtained
by applying to the letters of v the unique increasing bijection to {1,...,n}. For example :

Arqsym((41325)) = 1® (41325) + Std(4) ® Std(1325) 4+ Std(41) ® Std(325)
+S5td(413) ® Std(25) + Std(4132) ® Std(5) + (41325) ® 1
= 1®(41325)+ (1) ® (1324) + (21) ® (213)
+(312) ® (12) + (4132) @ (1) + (41325) ® 1.
)

Then FQSym is a Hopf algebra. It is graded, with FQSym(n) = Vect(X,,) for all n > 0.

It is also possible to give a decorated version of FQSym. Let D be a nonempty set. A D-decorated
permutation is a couple (o,d), where ¢ € ¥,, and d is a map from {1,...,n} to D. A D-decorated
permutation is represented by two superposed words (3!::5"), where (aj ...a,) is the word representing
o and for all 4, v; = d(a;). The vector space FQSym? generated by the set of D-decorated permutations

is a Hopf algebra. For example, if z,y,2,t € D :

GE)-() = G0+ (G + (Y + (519),
Brasyme ((E30) = () o1+ (@) e ()+@)e G+ (e (3 +10 (5.

In other words, if (0,d) and (7,d’) are decorated permutations of respective degrees k and [ :
(d)(rd)= 3 (c@n)elded),
CESh(k,L)

where d ® d’ is defined by (d®@ d')(i) =d(i) if 1 <i<kand (d®d)(k+j)=d(j)if1<j <L 1If (0,d)
is a decorated permutation of degree n :

AFQSymD ((U’ d)) = Z Z (017 d/) ® (UQa d”)v

k=0 oc=e€o(01®02)
eGSh(k,l),m 62k702621

n

where d = (d @ d") o e L.
In some sense, a D-decorated permutation can be seen as a word with a total order on the set of its
letters.

We can now define the shuffle Hopf algebra Sh” (see [Hof00, Reu93]). A D-word is a finite sequence
of elements taken in D. It is graded by the degree of words, that is to say the number of their letters. As
a vector space, Sh? is generated by the set of D-words.

The surjective linear map from FQSym? to Sh?”, sending the decorated permutation ($!::5") to the
D-word (v; ...v,), define a Hopf algebra structure on Sh? -
— The product W of Sh” is given in the following way : if (v1...vx) is a D-word of degree k,
(Vg1 - - Ug41) is a D-word of degree [, then

(’Ul...’Uk)LU('Uk+1...’Uk+Z) = Z Uc—l(l)...vc—l(k+l).
¢eSh(k,l)
— The coproduct Ag,o of Sh” is given on any D-word w = (v ...v,) by

n

Agpo(w) = (01...0:) @ (Vig1 ... vn).

=0

Examples.

1. If (v1v9v3) and (v4vs) are two D-words,
(Ulvgvg) LU(’U41J5) = (’1)11]21}3’04’1}5) + (U1U2’U4U3U5) + (U102U4U5U3) + (’01’1)41]21)3’05)
+(v1v4v205v3) + (V1V4V5V2V3) + (V4V1V2V3V5) + (V4V1V2V5V3)

+(U41)1’U5’021}3) + (1)4115’011)21)3).
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2. If (vivgu3vy) is a D-word,

AShD((U1v2U3U4)) = (v1v2v31}4) ®1+ (vlv2v3) ® (1;4) + (Ulvg) ® (v3v4)
+(v1) ® (v2v3v4) + 1 ® (V1vaV3Vy4).

There is a link between the algebras H,, Hp,, and FQSym given by the following result (see [FU10]) :

Proposition 6 1. Let n > 0. For all (F,0) € Fu,, let Sp be the set of permutations 0 € ¥,, such
that for all a,b € V(F), (a — b) = (0= (o(a)) < 07 1(c(b))). Let us define :
H, — FQSym

©:y FeFu, — Y 0.
eSSk

Then © : H, — FQSym is a Hopf algebra morphism, homogeneous of degree 0.
2. The restriction of © to Hy, is an isomorphism of graded Hopf algebras.



Chapitre 2

Preordered forests and Hopf algebras of
contractions

Introduction

Nous introduisons dans ce chapitre la notion de foréts préordonnées. Un préordre est une relation
binaire réflexive et transitive. Une forét préordonnée est une forét enracinée avec un préordre total sur
ces sommets. Nous prouvons que l’algébre des foréts préordonnées Hy,, est une algébre de Hopf pour le
coproduit de coupes. Avec une condition de croissance, on définit ’algébre des foréts préordonnées en tas
Hj,;,, et on prouve que Hp,, est une sous-algébre de Hopf de H,.

Dans [NTO06], J.-C. Novelli et J.-Y. Thibon construisent une généralisation de FQSym : algébre
de Hopf WQSym* des mots tassés. Nous prouvons un résultat similaire a celui de L. Foissy et J.
Unterberger (voir [FU10]) en remplagant les foréts ordonnées par les foréts préordonnées et les fonctions
quasi-symétriques par les mots tassés. Plus précisément, on prouve qu’il existe un morphisme d’algébres
de Hopf de H,, dans WQSym*. De plus, nous montrons que sa restriction & Hjyy, est une injection
d’algébres de Hopf.

Ensuite, nous étudions un nouveau coproduit, appelé ici coproduit de contraction. Dans [CEFM11],
D. Calaque, K. Ebrahimi-Fard et D. Manchon définissent ce coproduit dans un cas commutatif, sur un
quotient Cox de Hege (voir aussi [MS11]). Nous donnons une version décorée CZ. de Cc . On définit
deux opérations Y et > sur l'espace vectoriel T2, de base les arbres de CZ . Nous introduisons la
notion d’algébre commutative pré-Lie : (A4, Y, >) est une algébre commutative pré-Lie si (A, Y) est une
algébre commutative, si (A, >>) est une algébre pré-Lie et si, pour tout z,y,z € A,

x> (yYz)=(x>y)Yz+(x>2)Yy.

On prouve alors que (Tg % Y, >) est une algébre commutative pré-Lie engendrée par les arbres I¢ , d € D.

Nous construisons une version non commutative de Cog. Pour cela, nous considérons des quotients
de Hycr, Hpo, Ho, Hypo, Hyo, notés respectivement Cycr, Cho, Co; Chpo, Cpo, et nous définissons
sur ces quotients un coproduit de contraction. Nous prouvons que Cp,, C,, Chypo, Cpo sont des algébres
de Hopf et que Cycx est un comodule & gauche sur 'algébre de Hopf Cy,.

Enfin, nous étudions les morphismes d’algébres de Hopf de HZ;; ou CZ,, dans I’algébre de Hopf Sh?
des battages ou dans l'algebre de Hopf Csh” des battages contractants (voir [Hof00]). Nous donnons
une description combinatoire de ces morphismes dans chacun des cas. Pour les morphismes de Hg x dans
Sh” ou Csh”, on remarque en particulier que le coproduit de contraction et les foréts préordonnées
apparaissent naturellement.

Le chapitre est organisé comme suit : la premiére partie est consacrée a la définition des algébres H,,,
et Hj,, des foréts préordonnées et préordonnées en tas et nous prouvons que ce sont des algébres de
Hopf. Nous rappelons la définition de 1’algébre de Hopf WQSym* des mots tassés et nous construisons
un morphisme d’algébres de Hopf de H,, dans WQSym*. Dans une seconde partie, nous introduisons
un nouveau coproduit, le coproduit de contraction. Nous décrivons le cas commutatif (...et nous étudions
une opération d’insertion...). Nous donnons une version non commutative utilisant les foréts ordonnées
et préordonnées. Nous étudions dans la derniére partie les morphismes d’algébres de Hopf de Hg K ou
CZ dans Sh” ou Csh? et nous donnons une description combinatoire de ces morphismes dans chacun
des cas.
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2.1 Preordered forests

2.1.1 Preordered and heap-preordered forests

A preorder is a binary, reflexive and transitive relation. In particular, an antisymmetric preorder is
an order. A preorder is total if two elements are always comparable. We introduce another version of
ordered forests, the preordered forests.

Definition 7 A preordered forest F is a rooted forest F with a total preorder on V(F). The set of
preordered forests is denoted by Fr,, and the K-vector space generated by Fy1,, is denoted by Hy,.

Remarks and notations.

1. Let F' be a preordered forest. We denote by < the total preorder on V(F'). Remark that the
antisymmetric relation "z < y and y < z" is an equivalence relation denoted by R and the quotient
set V(F)/R is totally ordered. We denote by ¢ the cardinality of this quotient set. Let & be the
unique increasing map from V(F)/R to {1,...,q}. There exists a unique surjection o : V(F) —
{1,..., ¢}, compatible with the equivalence R, such that the induced map on V(F)/R is 7. In the
sequel, we shall note ¢ = max(F') (and we have always ¢ < |F|,).

Reciprocally, if F' is a rooted forest and if o : V(F) — {1,...,¢q} is a surjection, ¢ < |F|,, then o
define a total preorder on V(F') and F' is a preordered forest.

As in the ordered case, we shall denote a preordered forest by F or (F, o).

2. An ordered forest is also a preordered forest. Conversely, a preordered forest (F, o) is an ordered
forest if |F|, = max(F).

Examples. Preordered forests of vertices degree < 3 :

1 2 1 1 2 1 2 3 2

1 g2
1 12 1 13 1 12 EEEA VAR VAIE VAN VARV AN VANELVATELVA El El
e2d1,028T,0282,0248T ;02d3,0381 50342, Y1, V1, No , Ny, Np o Np N, Vg 41,471,

Let (F,o) and (G,0%) be two preordered forests with of" : V(F) — {1,...,q}, 0% : V(G) —
{1,...,7}, ¢ = max(F) and r = maz(G). Then FG is also a preordered forest (FG,o"%) where

VIF)UV(G) — {1,...,q+r}
ofC =ot 09 a€V(F) — of(a) (2.1)
acV(G) ~ o%a)+q

In other terms, we keep the initial preorder on the vertices of F' and G and we assume that the vertices of F
are smaller than the vertices of G. In this way, we define a noncommutative product on the set of preorde-

red forests. For example, the product of I$., and " gives 13 ., V.7, whereas the product of "V\* and

9., gives 'Vi* 15 ... Remark that, if F and G are two preordered forests, max(FG) = max(F)+max(G).
This product is linearly extended to H,,, which in this way becomes an algebra, gradued by the number
of vertices.

Remark. The formula (2.1) on the preordered forests extends the formula (1.2) on the ordered forests.

We give some numerical values : if f, *° is the number of preordered forests of vertices degree n,

n |0|1]2]3] 4] 5
fare 1] 1] 5] 38| 424 | 6284

These numerical values were calculated with the software Mupad.
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If F is a preordered forest, then any subforest G of F' is also preordered : the total preorder on V(G)
is the restriction of the total preorder of V(F'). So we can define a coproduct AH,,,, :Hpo = Hyo @ Hy,
on H,, in the following way : for all F' € Fy

po’?

Z Leay,(F) ® Roo,(F).
vEV(F)

For example,

1 1
A, ("’I\z R/ ®1+1®{f tae Vel +ael L0l L.
With this coproduct, H,, is a Hopf algebra. Remark that H, is a Hopf subalgebra of H,.

Definition 8 A heap-preordered forest is a preordered forest F such that if a,b € V(F), a # b and
a —» b, then a is strictly greater than b for the total preorder on V(F). The set of heap-preordered forests
is denoted by Fu,,,

Examples. Heap-preordered forests of vertices degree < 3 :

2 2 3 2 2,2 2 fz
17'17'1-13-1'2;Il7'1'1'17'1'1'27'1'2'27'1'2'37'1Il;'1127'2I 9 2117 3117 .vl 7\[1 )y o1

Definition 9 Let F' be a nonempty rooted forest and q an integer < |F| . A linear preorder is a
surjection o : V(F) — {1,...,q} such that if a,b € V(F), a #b and a - b then o(a) > o(b). We denote
by O,(F') the set of linear preorders on the nonempty rooted forest F.

Remarks. If (F, o) is a heap-preordered forest, the surjection o : V(F) — {1,...,max(F)} is a linear
preorder on F'. Reciprocally, if F' is a rooted forest and o € O,(F'), then o define a total preorder on
V(F) such that (F,o) is a heap-preordered forest.

If F and G are two heap-preordered forests, then F'G is also heap-preordered. Moreover, any subfo-
rest G of a heap-preordered forest F' is also a heap-preordered forest by restriction on V(G) of the total
preorder of V(F'). So the subspace Hj,, of H,, generated by the heap-preordered forests is a graded
Hopf subalgebra of Hp,.

We give some numerical values : if f;, "** is the number of preordered forests of vertices degree n,

no|ol1]2]3]4]5
gt |1 1] 3] 12 64 | 428

These numerical values were also calculated with the software Mupad.

We have the following diagram

Hycx© H),C Hf (2:2)
thoc—> Hpo

where the arrows < are injective morphisms of Hopf algebras (for the cut coproduct).

2.1.2 Hopf algebra of packed words and quasi-shuffles
Recall the construction of the Hopf algebra WQSym™* of free packed words (see [NT06]).

Notations.
1. Let n > 0. We denote by Surj, the set of maps o : {1,...,n} — N* such that o({1,...,n}) =
{1,...,k} for some k € N. In this case, k is the maximum of o and is denoted by max(c) and n is

the length of o. We represent the element o of Surj, by the packed word (o(1)...c0(n)).
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2. Let k,l be two integers. A (k,1)-surjective shuffle is an element e of Surjii; such that e(1) < ... <
e(k) and e(k+1) < ... < e(k+1). The set of (k,[)-surjective shuffles will be denoted by SjSh(k,1).
For example, SjSh(2,1) = {(121), (122), (123), (132), (231)}.

Let v be a word such that the letters occuring in v are integers a; < as < ... < ag. The pa-
cking of v, denoted by pack(v), is the image of letters of v by the application a; +— i. For example,
pack((22539)) = (11324), pack((831535)) = (421323).

Remark. Let k,I be two integers and o € Surjri;. We set pr, = max(pack((c(1)...0(k)))) and
qr = max(pack((o(k+1)...0(k+1!)))). Then o can be uniquely written as eo (o1 ® 03), where o1 € Surjy,
o9 € Surj;, and € € SjSh(pk, qr). For instance, if k = 4,1 = 3 and o = (2311223) then py = 3, g4 = 2
and 0 = eo (01 ® 02) with e = (12323) € SjSh(3,2), o1 = (2311) € Surjs and o2 = (112) € Surjs.

As a vector space, a basis of WQSym* is given by the disjoint union of the sets Surj,, for all n > 0.
By convention, the unique element of Surjy is denoted by 1. The product of WQSym* is given, for
o € Surjg and T € Surj, by :

o.T = Z (c@T7)o(¢ L.
CeSh(k,l)

In other words, as in the FQSym case, the product of o and 7 is given by shifting the letters of the word
representing 7 by k, and summing all the possible shuffings of this word and of the word representing o.
For example :

(112)(21) = (11243) + (11423) + (14123) + (41123) + (11432) + (14132)
+(41132) + (14312) + (41312) + (43112)

Let 0 € Surj,. For all 0 < k < n, there exists a unique triple (Jgk),aék),ek) € Surji X Surj,_ X

SjSh(pk,qx) such that o = ¢ o (ng) ® oék)) The coproduct of WQSym* is then given by :

Awqsym+(0) = Z Uik) ® Uék) = Z Z o1 ® o9.
k=0

k=0 o-:so(al ®a’2)
e€SjSh(pk,qr),01E€ESUT)K,02ESUTfr 1

Note that a%k) and Jék) are obtained by cutting the word representing o between the k-th and the
(k + 1)-th letter, and then packing the two obtained words. For example :

Awgsym-((21132)) = 1® (21132) + pack((2)) ® pack((1132)) + pack((21)) ® pack((132))
+pack((211)) ® pack((32)) + pack((2113)) ® pack((2)) + (21132) ® 1
= 1®(21132) + (1) ® (1132) + (21) ® (132) 4+ (211) ® (21)
+(2113) ® (1) + (21132) ® 1.
Then WQSym* is a graded Hopf algebra, with WQSym*(n) = Surj, for all n > 0. We give some
numerical values : if fWQSY m” s the number of packed words of length 7, then
no lof1l2[3 4] 5] 6 | 7
fvQsym™ 11131375 | 541 | 4683 | 47293
These is the sequence A000670 in [Slo].

WQSym* is the gradued dual of WQSym, described as follows. A basis of WQSym is given by the
disjoint union of the sets Surj,. The product of WQSym is given, for o € Surji, T € Surj, by :

o.T = Z ¥

Y=Y Y+
pack(y1...7x)=0, pack(Ye+1.--Ye+1)=T

In other terms, the product of ¢ and 7 is given by shifting certain letters of the words representing o and
7 and then summing all concatenations of obtained words. For example :

(112)(21) = (11221) + (11321) + (22321) + (33421) + (11231) + (22331) + (22431)
+(11232) + (11332) + (11432) + (22341) + (11342) + (11243)
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If 0 € Surj,, then the coproduct of WQSym is given by :

Awqsym(0) = Z |11,k @ Pack(0|e11,maz(0)]))s
0<k<maz(o)

where 0|4 is the subword obtained by tacking in o the letters from the subset A of [1,max(c)]. For
example :
Awaqsym((21312245)) = 1 ® (21312245) + (11) ® pack((232245)) + (21122) ® pack((345))
+(213122) ® pack((45)) + (2131224) @ pack((5)) + (21312245) ® 1
= 1®(21312245) + (11) ® (121134) + (21122) ® (123)
+(213122) ® (12) + (2131224) @ (1) + (21312245) ® 1.
Then WQSym is a Hopf algebra.

We give a decorated version of WQSym. Let D be a nonempty set. A D-decorated surjection is
a couple (o,d), where o € Surj, and d is a map from {1,...,n} to D. As in the FQSymD case, we
represent a D-decorated surjection by two superposed words (51:::6"), where (a; .. .ay,) is the packed word
representing o and for all 4, v; = d(i). The vector space WQSym?” generated by the set of D-decorated

surjections is a Hopf algebra. For example, if z,y,z,t € D :
G).() = () + (HR) + () + (22 + (29).
Awasym? ((Goz1)) = (Gzxt) @ 1+ (D @ (37) + (Gaz) @ () + 1 © (Fa:1) -
In other words, if (0,d) and (7,d’) are decorated surjections of respective degrees k and [ :

(0,d).(r,d") = > (v,d®d),

Y=Y1- V41
pack(y1...Yk)=0, pack(Vk+1--Yet+1)=T

where d ® d’ is defined by (d®@ d')(i) =d(i) if 1 <i<kand (d®d)(k+j)=d(j)if 1 <j<IIf (0,d)
is a decorated surjection of degree n :

AWQSymD ((07 d)) = Z (G|[l7k]a d/) ® (0|[k+1,max(0)] s d//)-
0<k<max(o)
where d’ and d take the same values on o~ 1({1,...,k}) and d” and d take the same values on o~ *({k +

1,...,max(0)}).
In some sense, a D-decorated surjection can be seen as a packed word with a preorder on the set of
its letters.

Suppose that D is equipped with an associative and commutative product [-, ] : (a,b) € D? — [ab] € D.
: : k)
We define by induction [-,]*" :

[.7.](0) = Id, [.’,](1) =[] and [.,,](k) _ [.7 [.,.](k—l)} .

We can now define the quasi-shuffle Hopf algebra Csh? (see [Hof00]). Csh? is, as a vector space,
generated by the set of D-words.

Let ¢ be the surjective linear map from WQSym? to Csh? defined, for (o, d) a decorated surjection
of maximum k, by ¢((0,d)) = (w1 ... wy) where w; = [d(i1). ..d(ip)](p) with o7(j) = {i1,...,ip}. For
instance,

¢ ((fzzvan) = ([22] [yw] v [tu])

Notations. Let &, be integers. A (k,[)-quasi-shuffle of type r is a surjective map ¢ : {1,...,k+1} —»
{1,...,k+1—r} such that

{ C(1) < ... < C(k),
Ck+1)<...<C(k+1).

Remark that (~!(j) contains 1 or 2 elements for all 1 < j < k +1 — r. The set of (k,[)-quasi-shuffles of
type r is denoted by Csh(p, q,r). Remark that C'sh(k,l,0) = Sh(k,l).

¢ define a Hopf algebra structure on Csh” :
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~ The product H of Csh” is given in the following way : if (vy...v;) is a D-word of degree k,
(Vk41 - .- Vg41) is a D-word of degree I, then

(1}1 ...vk)H(ka...ka) = Z Z (wl...wkﬂ,r),

r>0¢eCsh(k,l,r)
where w; = v; if (71(j) = {i} and w; = [v;,v,] if C71(j) = {i1, i}
— The coproduct Agg,r of Csh” is given on any D-word v = (v; ... v,) by

n

Acenr(v) =Y (01...0:) @ (Vig1 ... vn).

=0

This is the same coproduct as for Sh”.

Example. If (v1v2) and (v3v4) are two D-words,

(vv9)EH (v3vy) = (v1v2v304) + (V1V3V204) + (V3V1V2V4) + (V1V3V4V2)
+(v3v1v402) + (V3V4V1V2) + (V1 [V2v3] va) + ([V1V3] V2v4)

+(v1v3 [v2v4]) + (v3 [v1va] v2) + ([V103] [V204])

2.1.3 A morphism from H,, to WQSym*

In this section, we give a similar result of proposition 6 in the preordered case.

Definition 10 Let (F,0) be a nonempty preordered forest of vertices degree n and T € Surj,. Then
we denote by S?F o) the set of bijective maps ¢ : V(F) — {1,...,n} such that :

1. ifv e V(F), then o(v) = 7(p(v)),
2. if v, € V(F), v' — v, then o(v) > p(v').

Remark.
L. If max(F) # max(r), then S7, ) = 0.

2. Let F,G € Fy,,, |F|, =k, |G|, = L. If o1 : V(F) — {1,...,k} and ¢ : V(G) — {1,...,1}
are two bijective maps and ¢ € Sh(k,l), then ¢ o (1 ® ¢2) : V(FG) — {1,...,k + [}, where
p1 ® g is defined in formula (1.2), is also a bijective map. Similary, considering a bijective map
v: V(FG) = {1,...,k +1} and ¢ € Sh(k,l). Then ¢ can be uniquely written as ¢ o (¢1 ® ¢2),
where 1 : V(F) — {1,...,k} and ¢3 : V(G) — {1,...,1} are two bijective maps.

Theorem 11 Let us define :

H,, — WQSym*
®:4q (F,o)€Fu, ~ Z card(S{p, ) T- (2.3)

TESUT]|F|,
Then ® : Hy, — WQSym™ is a Hopf algebra morphism, homogeneous of degree 0.

Examples.
— In vertices degree 1 : ®(.,) = (1).
— In vertices degree 2 :

D(erer) =2(11),  ®(eren)=(12)+(21), D(13) = (ab).

— In vertices degree 3 :

B(ererer) = 6(111) B(12.,) = (212)+2(221)
VL) = (122)4+(212)  B(..15) = (213)+(123) + (132)
aft) = (231) B, 12) = (123)+ (213) + (231)
o(*\Vi*) = 2(221) Bererez) = 2[(112) + (121) + (211)]
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Proof. Obviously, ® is homogeneous of degree 0. Let (F,o"),(G,0%) € Fn,,, |F|, =k, |G|, =l and
T € Surjpi;. T can be uniquely written as 7 = (1, ®79) o~ with 7y € Surjy, 72 € Surj; and ¢ € Sh(k,1).

Let ¢ € S{pg ,rc)- Then ¢ can be uniquely written as ¢ o (1 ® p2) with ¢y : V(F)—={1,...,k} and
w2 : V(G) — {1,...,1} two bijective maps.
1. (a) If v € V(F), then
o) = 0" (v) = 7(p(v)) = (m @ T2) 0 ("o (o (p1 ® p2)(v) = 1 (1 (v)).
Note that with this equality, we also have that max(F') = max(ry).
(b) If v € V(G), then
o7 (v) = T(p(v)) = (M @ 12) 0 (" 0 Co (91 ® p2)(v)
T2(p2(v)) + max(7y).
As max(F) = max(71), 0% (v) = mo(p2(v)).
2. (a) fv" »vin F, then v' - v in FG, so :

o%(v) + max(F)

ev) > @)
Colp1®p2)(v) > (Col(p1®epa)(v')
C(p1(v)) = C(pa(v)
p1(v) = @V,
as ( is increasing on {1,...,k}.
(b) If v/ - v in G, then v — v in F@, so :
pv) = o)
Colp1®@p2)(v) = Col(p1®epa)(v')
Ck+@a(v) > C(k+w2(v)))
p2(v) > pa(V),

as ( is increasing on {k +1,...,k+1}.
So ¢y € SE«“,JF) and g € SE&UG).

Conversely, if ¢ = (o (p1 ® ), with @1 € S&UF) and @y € S(Téyac;), the same computations shows
(r1®@72)0¢ ™!

that ¢ € S(FG’O.FG)
So
card(S(FG aFG)) = card(SE: F)) X card(S(G aG))
and
O((FG, UFG)) = Z card(S(TFG,(,Fc)) T

TESUTJK41

= Z Z Z card( SE;??;ZC) ) (11 ®@712) ot

CESh(k,l) T1€Surji T2€Suryj

= Z Z Z card( SZ; F)) X card(S(G G)) (1 ®m)o(¢!

CeSh(k,l) T1€Surji T2€Suryj,

Z card(S& F)) 5l Z card(STé aG))

T1ESUT]K ToESuUrj
= (I)((Fv GF))(I)((G, UG))'

So ® is an algebra morphism.

Let (F,0) € Fn,, be a preordered forest such that [F|, = n and let v be an admissible cut of
F. We obtain two preordered forests (Lea,(F'),o1) and (Rooy(F'),02). We set k = |Lea,(F)|, and
I = |Rooy(F)|,.

Let 71 € Surjg, 7o € Surj; and 1 € S&eau(F),ol)’ pg € S(T%OOU(F) 02)" We set ¢ = ¢1 ® o and we

-1

define 7 by T = 0o '. 7 € Surj, and max(r) = max(F). Let us show that ¢ € SiF0)-
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1. By definition, 7 = 0 0 p~1. So o(v) = 7(¢(v)) for all v € V(F).
2. If v — v in F', then three cases are possible :
(a) v and v belong to V(Lea,(F)). As ¢1 € S(Leav(F) o) ©1(v) = @1(v'). Then p(v) = (p1 ®
p2)(v) = @1(v) Z @1(v') = (1 © @2)(v) = (V).
(b) v and v’ belong to V(Roo,(F)). As @2 € S(Lea (F).on) » £2(0) = 2(v'). Then o(v) = (p1 ®
p2)(v) = p2(v) + k= @2(v') + k = (1 © @2)(v") = (V).
(c) v’ belong to V(Lea,(F)) and v belong to V(Roo, (F)). Then p(v') = (v1 @ p2)(v') = p1(v') €
{1,...,k} and o(v) = (¢1 ® p2)(v) = 2 (v) + k€ {k+1,...,k+1}. So p(v) > o).
In any case, p(v) > o(v').
Conversely, let (F,0) € Fy,, be a preordered forest of vertices degree n, 7 € Surj, and ¢ € S( Fo)
Let k € {0,...,n} be an integer.

We set 7'1( ) and T(k) the words obtained by cutting the word representing 7 between the k-th and the
(k + 1)-th letter, and then packing the two obtained words.
Moreover, we define v a subset of ¢~ 1({1,...,k}) such that v 4 w for any couple (v,w) of two

different elements of v. Then v |= V(F') and we considere the two preordered forests (Lea, (F), 0§ )) and
(Rooy(F), 0 (k )) Remark that, with the second point of definition 10, V (Lea,(F)) = ¢~ 1({1,...,k}) and
V(Roov(F)) _1({k—|—1,..., n}).

We set @gk) :v € V(Leay(F)) — o(v) € {1,...,k} and <p(k) : v € V(Roou(F)) = o) —k €

{1,...,n—k}. Thus ¢ = cpgk) (%)C)goék).
)

(Leav(F)
1. (a) Ifv € V(Leay(F)), o(v) = apgk)(v )€ {1,...,k} and then

(k)

Let us prove that cp(k #0) and go(k)

<R ou (F),0$)’

o\ (v) = pack o o (v) = pack o T 0 p(v) = (") 0 1" (v).

(b) If v € V(Ro0y(F)), p(v) = goék)( )+ke{k+1,...,n} and then

aék)(v):packoa() packoT o p(v) =75 0wy

2. (a) If v - v in Lea,(F), then v — v in F and wgk) (v) = (v) > (') = wgk)(v').
(b) If v/ - v in Roo,(F), then v' — v in F' and go( )(v) =o(v)—k
Hence, there is a bijection :

o)

STpoy X {0, [Fl,} = JV! )S@e%m,agmXS(RO%(F),U&))

k k
(o, k) = (s0§ ), )> :
Finally,

Awqsym+ © ®((F,0))

= Z Z card(S{p ) (k)®7—2(k)

TESur]|F| 0<k<n

= Z Z Z card(Szze%(F)’agk))) T ® card(ST; oo (k))) Ty

vV (F) T1€Su'r‘j‘L€av(F)‘v TQESU'I"]“RDU,U(F)‘U

= (‘I) X (D) o AHW
So ® is a coalgebra morphism. m]

Theorem 12 The restriction of ® defined in formula (2.3) to Hyp, is an injection of graded Hopf
algebras.

Remark. The restriction of ® to Hy,, is not bijective (by comparing the dimensions of Hp,, and
WQSym* in small degrees).

Proof. We introduce a lexicographic order on the words with letters € N*. Let w = (uy...u;) and
v = (v1...v;) be two words. Then
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— if ug = Vg, Uk—1 = Vk—1,...,Uir1 = Vi+1 and u; > v; (resp. u; < v;) with ¢ € {1,... min(k,1)},
then u > v (resp. u < v),
— ifu; =wv; forallie{1,...,min(k,1)} and if £ > [ (resp. k <) then u > v (resp. u < v).
For example,

(541) < (22), (433) < (533), (5362) < (72), (8225) < (1327), (215) < (1215).

If w and v are two words, we denote by uv the concatenation of v and v.

In this proof, if (F,o) is a preordered forest, we consider F' as a decorated forest where the vertices
are decorated by integers. Consider

F={(F,d) | FeFu.,,d:V(F)— N such that if v — w then d(v) > d(w)}

the set of forests with their vertices decorated by nonzero integers and with an increasing condition.

Let (F,d) € F be a forest of vertices degree n and if u = (uy ... u,) is a word of length n with u; € N*.
In the same way that definition 10, we define S?de) as the set of bijective maps ¢ : V(F) — {1,...,n}
such that :

L. if v € V(F), then d(v) = ug (),

2. if v,v" € V(F), v/ — v, then ¢(v) > ¢(v').

For example,

7
—if (F,d) = SI\/24 € I, then the words u such that S{j, ;) # (0 are (7342), (7432), (4732).
—if (F,d) ="\." 1§ €, then the words u such that Stra) # 0 are

(43163), (43613), (46313), (64313), (43631), (46331), (64331), (63431),
(34163), (34613), (36413), (63413), (34631), (36431), (36341), (63341).

Let (F,d) be a forest of F. Then we set

m((F,d)) = max ({u | Stpy) #0}).

For example, for (F,d) = Skf; e F, m((F,d)) = (7342) and for (F,d) =°"\\" 15 € F, m((F,d)) = (34163).

If (F,d) € T is the empty tree, m((F,o0)) = 1. Let (F,d) € F be a nonempty tree of vertices degree n.
We denote by (G,d’) the forest of F obtained by deleting the root of F. Then, if m((F,d)) = (uy ... un),
we have m((G,d")) = (u1...un—1) and u, = d(Rp) the decoration of the root of F. Let (F,d) be a
forest of vertices degree n, (F,d) is the disjoint union of trees with their vertices decorated by nonzero
integers (Fi,dy),...,(Fy,d;) ordered such that m((Fi,d1)) < ... < m((Fk,dx)). Then m((F,d)) =
m((thl)) N m((Fk7dk)) :

— By definition, S%ng;dm # () and if ¢; € Sg{gf;di)) then ¢ : V(F) — {1,...,n}, defined for

all 1 < ¢ < k and v € V(F;) by o(v) = ¢i(v), is an element of S?},Egl’dl))”'m((&’dk)) and

S{pGa )l Eed)) 29 Go m((F,d) > m((Fy,dy)) ... m((Fr. di)).
—If S’(‘Rd) # 0, u is the shuffle of wy,...,uy such that S?ﬁ)di) # () (see the proof of theorem 11).
In particular, u; < m((F;,d;)), so v < m((F1,d1))...m((Fk,dg)). Thus we have m((F,d)) <

m((F1,dv)) ... m((Fy, dy))-

Let (F,d) € F be a forest of vertices degree n and m((F,d)) = (uy...uy). Let i; be the smallest
index such that uq,...,u;,—1 > u;, and, for all j > 41, u;;, < uj. By construction, there exists a connected
component (F,d;) of (F,d) such that m((Fy,d1)) = (uq ... u;, ). Consider the word (u;, 41 ... uy). Let ig >
i1 be the smallest index such that w;, 11,...,u;,—1 > w4, and, for all j > s, u;, < u;. Then there exists
a connected component (Fy,ds) (different from (Fy,d;1)) such that m((Fz,d2)) = (i 41 .- -us,). In the
same way, we construct is,...,i; and (F3,ds),..., (Fg,dx). Then m((F,d)) = m((Fy1,d1)) ... m((Fy,dy))

Let us prove that m is injective on F by induction on the vertices degree. If (F,d) is the empty tree,
it is obvious. Let (F,d) be a nonempty forest of F of vertices degree n.
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— If (F,d) is a tree, m((F,d)) = (uq ...up—1uy) with u,, = d(Rp) the decoration of the root of F.
Let (G,d') be the forest of F obtained by deleting the root of F'. Then m((G,d")) = (uy ... un—1).
By induction hypothesis, (G, d’) is the unique forest of F such that m((G,d")) = (u1...un—1). So
(F,d) is also the unique forest of F such that m((F,0)) = (u; ...up—1d(RF)).

— If (F,d) is not a tree, then (F,d) is the product of trees (Fy,dy),...,(Fk,d) of F ordered such
that m((Fy,dy)) < ... < m((Fy,dg)). So m((F,d)) = m((Fy,d1))...m((Fg,dy)). By induction
hypothesis, for all 1 < i < k, (F}, d;) is the unique tree of F such that its image by m is m((F;, d;)).
So the product (F,d) of (F;,d;)’s is the unique forest of F such that its image by m is m((F, d)).

So m is injective on F. By triangularity, m is injective on Fg, ,, and we deduce that the restriction of
® to Hj,, is an injection of graded Hopf algebras. m|

2.2 Hopf algebras of contractions

2.2.1 Commutative case

In [CEFM11], D. Calaque, K. Ebrahimi-Fard and D. Manchon introduce a new coproduct, called in
this paper the contraction coproduct, on the augmentation ideal of Ho g (see also [MS11]).

Definition 13 Let F' be a nonempty rooted forest and e a subset of E(F). Then we denote by

1. Parte(F) the subforest of F' obtained by keeping all the vertices of F' and the edges of e,

2. Conte(F) the forest obtained by contracting each edge of e in F' and identifying the two extremities
of each edge of e.

We shall say that e is a contraction of F, Parte(F) is the partition of F by e and Conte(F) is the
contracted of F' by e. Each vertex of Conte(F) can be identified to a connected component of Parte(F).

Remarks.
— If e =0, then Parte(F) =, .... and Conte(F) = F : this is the empty contraction of F.

|7, %
- If e = E(F), then Parte(F) = F and Conte(F) = . : this is the total contraction of F.

Notations. We shall write e = E(F') if e is a contraction of F' and e |= E(F) if e is a nonempty,
nontotal contraction of F.

Example. Let T = I\/ be a rooted tree. Then

i e VIV W ¥ [ F % &

Part.(T) Vler v o],

Conte(T) | . |1 | 1 |1 |1 |V]V Y

where, in the first line, the edges not belonging to e are striked out.

Remarks. Let F be a nonempty rooted forest and e = E(F).
1. We have the following relation on the vertices degrees :
|F|, = |Conte(F)|, + |Parte(F)|, — l(Parte(F)).
2. Note € the complementary to e in E(F'). Then E(Parte(F)) = e and E(Cont.(F)) =€ and
|F|, = |Conte(F)|, + |Parte(F)|, . (2.4)

Let Ccox be the quotient algebra Heo i /Ickx where Iok is the ideal spanned by . — 1. In others terms,
one identifies the unit 1 (for the concatenation) with the tree .. We note in the same way a rooted forest
and his class in Cog. Then we define on Co g a contraction coproduct on each forest F' € Ceoy :

Acer(F) = Y Parte(F)® Conte(F),
e=E(F)

= F®.+.®F+ Y Parte(F)® Conte(F).
el=E(F)
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In particular, Ag, () =+ ®..

Example.

ACCK(I\/):.®{/—&-{/®.+2I®V+I®£+E®I+V®I—|—II®I.

We define an algebra morphism ¢ :

. CCK — K
€\ Fforest oF. .

Then (Cek,Aceag,€) is a commutative Hopf algebra graded by the number of edges. Cox is non

cocommutative (see for example the coproduct of I\/ ).

Remark. We define inductively :

=ACor, A(k)

Ccx

— Id, AW

Cck

A(O)

Cck

— k—1
= (Agey ® 1Dy o A%TY.

For all k € N, Ag()m :Cor — C%(I];H). If F is a rooted forest with n edges, there are (k4 1)™ terms in

the expression of A(CIZK (F) :
— If £ = 0, this is obvious.
~ If k> 0, we have (}) tensors F()) @ F®) in Ag,., (F) such that the left term F() have [ edges. By

the induction hypothesis, there are k! terms in A(ck;i)(F(l)). So there are >, (7) k= (k+1)"

terms in the expression of Agfik (F).

We give the first numbers of trees t$¢x and forests fCox :

n |0]1|2]3]4|5]6 | 7 ]8] 9 |10
tSex [1]1 2[4 9 [20] 48 [115 [ 286 [ 719 | 1842
fOex [1 13 ]7]19]47] 127330 | 889 | 2378 | 6450

The first sequence is the sequence A000081 in [Slo].

We recall a combinatorial description of the antipode Sc., : Cocx — Cexk (see [CEFM11]) :

Proposition 14 The antipode Sc., : Cox — Ccx of the Hopf algebra (Cok, Acey,€) is given
(recursively with respect to number of edges) by the following formulas : for all forest F' € Cok,

Scex(F) = —F—= Y Scey(Parte(F))Conte(F)
el=E(F)
= —F— Y Parte(F)Sce, (Conte(F)).
el=E(F)
Examples.
SCCK( ) =
Scor(l) = =1 —.,
Scen (V) = =V 211 421,
Sco() = —“taorigor,
SCCK(I\/) S AT LIPS S S S PR YR

We now give a decorated version of Cog. Let D be a nonempty set. A rooted forest with their edges
decorated by D is a couple (F,d) where F' is a forest of Cox and d : E(F) — D is a map. We denote by
CZ, the K-vector space spanned by rooted forests with edges decorated by D.
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If (F,d) is a rooted forests with their edges decorated by D and if v,w € V(F) and d € D, we shall

note v % w if there is an edge in F' from v to w decorated by d.

Examples.

1. Rooted trees decorated by D with edges degree smaller than 3 :

I« Ja €D, a.\fb,iz,(a,b)e’DQ7 W {/ \} \f %E (a,b,c) € D3.

2. Rooted forests decorated by D with edges degree smaller than 3 :

bLaeD, Wb, N b (a) €D

SRR A VAT D 74 {f e % ,(a,b,¢) € D°.

If F € CEp and e = E(F), then Part.(F) and Cont(F) are naturally rooted forests with their
edges decorated by D : we keep the decoration of each edges. The vector space CEj is a Hopf algebra.

Its product is given by the concatenation and its coproduct is the contraction coproduct. For example :
if (a,b,c) € D3,

Acz, {/ I\/ @+ ®£z TE QM 1M +b ol 1k g
+M ok +l e,

Notation. The set of nonempty trees of Cok (that is to say with at least one edge) will be denoted
by Tc. - The set of nonempty trees with their edges decorated by D of Cg x will be denoted by TgCK

2.2.2 Insertion operations

Let Tg x be the K-vector space having for basis Tch. In this section, we prove that Tg K 1s equiped
with two operations Y and > such that (Tg s Y,>) is a commutative prelie algebra.

Definition 15 1. A commutative prelie algebra is a K-vector space A together with two K-linear
maps Y,>: A® A — A such that x Y y =y Y x for all x,y € A (that is to say Y is commutative)
and satisfying the following relations : for all x,y,z € A,

(xYy)Yz=zY (yY 2),
x> (y>z)—(z>y)bz=y>(z>2)— (y>x)> 2, (2.5)
x> (yYz)=(z>y) Yz+(z>2) Yy.
In other words, (A,Y,>) is a commutative prelie algebra if (A,Y) is a commutative algebra and
(A, ) is a left prelie algebra with a relationship between Y and r>.

2. The commutative prelie operad, denoted ComPreLie, is the operad such that ComPreLie-algebras
are commutative prelie algebras.

Remark. From this definition, it is clear that the operad ComPreLie is binary and quadratic (see
[LV12] for a definition).

Notations.

1. Let T € Tg,, be a tree with at least one edge. We denote by V*(T) = V(T) \ {Rr} the set of
vertices of T different from the root of 7.

2. Let T1,T5 € T, and v € V(T3). Then Tj o, Ty is the tree obtained by identifying the root Ry,
of Ty and the vertex v of T5.

We define two K-linear maps Y : TEK ® TgK — TEK and > : TgK ® TZC)K — TEK as follows : if
D
7,15 € Tg,,.
Tl Y T2 = Tl ORT2 TQ,

W1, = Z T og T5.
SEV*(T2)
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Examples.
1. For the map Y : T2, ® TE,, — TZ,, :

c

LY = &b oy
Ia Y b‘v.c = a & c a\/’b

2. For the map > : T2, @ T2, — TE,. :

_Bleen = &
= %Z R - a\fb
Proposition 16 (TZ ., Y,>) is a ComPreLie-alg
Proof. Let T1,15,T5 € TgCK. Then

T\ Y To =Ty oy, Ts

YL

lo > D

Ii > e

Moreover,

Therefore (TZ,

So

Therefore, (T2,

(Ty Y T2) Y T3 = (T1 ory, T2) Ory, T3

Y) is a commutative algebra.

> o

veV™*(Ts3)
weV ™ (T)uUV™(T3)

- Z T

veEV*(T3),weV*(Ts)
veV*(T3),weV*(T2)

= (T1DT2)\>T3+

T > (TQ DTg) =

T1>(T2[>T3)—(T1I>T2)DT3 =

I>) is a left prelie algebra.

It remains to prove the last relation of (2.5) :

>

’UEV*(TzORT Ts3)

= Y  Tio,(Tyog,,

veV*(Tz)

- Z Ty o

veV*(Tz)

T > (Tg YT3) =

T2 ORT

= > TioyTy | or,

veV*(Tz)

=Ts0R, Th

Ow (TQ Oy T3) +

(Tl Ow TQ) Oy T3 +

2

v,weV*

oy =

= o A{f Y =

|
2
S

+ b\/c a\/‘b > le =
+ %i N > N =

ebra.

=T YT,

=Tio R(TZOR Ts) (T2 CRmy T3) =Ty

Ow (T2 Oy TS)

> o

v,weV*(T3)
v,weV*(T3)

Tl Ow (TQ Oy Tg)
(Ts)

2. I

v,weV*(T3)
Z T2 Oy (Tl Ow TS)

v,weV*(T3)

15 > (T1 > Tg) —

Ow (T2 Oy T3)

Ty oy (T oRy, T3)

(Ty Y T3).

Ow (TZ Ou T3)

Tl Ow (TQ Oy T3)

(TQ > Tl) > Ts.

T3 Z T1 Oy (TQ ORT Td)

vEV*(T3)
T Y T
vEV*(T3)

veV*(Ts)

= (iT) Y Ts+ (Th>T3) Y Th.

T3 ORT TQ)

> TioyTs | ory, T

21
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Theorem 17 (TE,., Y,r>) is generated as ComPreLie-algebra by 1 , d € D.

Notation. To prove the previous proposition, we introduce a notation. Let T1, ..., T) are trees (pos-
sibly empty) of CEy- and dy,...,d; € D. Then By, g, 04, (Th ®...®T},) is the tree obtained by grafting
each T; on a common root with an edge decorated by d;. For examples, if a,b,c,d € D,

By(.) = o Bagp(- ®.) = &b By(r) = i
B,y = i Baap(l ®.) = {/ Boop(- ® 1) — \}
Bagbge(- ® . ®.) = % Bo(Ne ) = ¥ Bagp(N4 ®.) = b

Proof. Let us prove that (T2, Y,>) is generated as ComPreLie-algebra by ¢ , d € D by induction
on the edges degree n. If n = 1, this is obvious. Let T € TgK be a tree of edges degree n > 2. Let k
be an integer such that T'= By, .. gd, (11 ® ... ®T}) with d1,...,dx € D and 11, ..., T} trees (possibly
empty) of CEy. Then :

1. If k =1,T = By, (T1) with |T1|, = n—1 > 1. By induction hypothesis, 77 can be constructed from
trees l¢ | d € D, with the operations Y and >. So T" = T; > l41 can be also constructed from trees
le . d € D, with the operations Y and >.

2. Suppose that & > 2. Then, for all i, 1 < |Bg,(T;)|, < n — 1. By induction hypothesis, the trees
By, (T;) can be constructed from trees ¢ , d € D, with the operations Y and t>. So T'= By, (Th) Y
... Y Bg, (T)) can be also constructed from trees I¢ , d € D, with the operations Y and .

We conclude with the induction principle. O

Remarks. (Tg s Y,>) is not the free ComPreLie-algebra generated by I¢ , d € D. For example,

a

o> (b ch):“\{f +}i =l YP)>l (b > )>l.

2.2.3 Noncommutative case
We give a noncommutative version of Cc k. To do this, we work on the algebra H,,.

Definition 18 Let (F, o) be a nonempty preordered forest. In particular, F is a nonempty rooted
forest. Let e be a contraction of F', Parte(F) the partition of F' by e and Cont.(F') the contracted of F
by e (see definition 13). Then :

1. Parte(F) is a preordered forest (Parto(F),of) where of : v € V(Parto(F)) v of (v). In other

words, we keep the initial preorder of the vertices of F in Parte(F).

2. Conte(F) is also a preordered forest (Conte(F),0%) where o€ : V(Conte(F)) — {1,...,p} is the

surjection (p < |Conte(F)|,) such that if A,B are two connected components of Parte(F'), if a
(resp. b) is the vertex obtained by contracting A (resp. B) in F, then

oF(Ra) < of(Rg) = 0% ) <a“(b),
of'(Ra) =P (R) = 0% a)=0%(

=0 (2.6)
of'(Ra) > oF(R) = 0%a)>o"(b

);
).

In other words, we contract each connected component of Parte(F) to its root and we keep the
initial preorder of the roots.

1
Example. Let T = 3I\[; be a preordered tree. Then
1 1 1 1 1 1 1 1
. 3{/' 3 ?LIV 3 ’.)Tb 3 3&7};3 ?@ 3 ?LIVLS C’T§{;3 @3
contraction e 2 2 2 2 2 2 2 2

1 . 1
Part.(T) A BT T Y N TN BUNUPTSl BUPTUUN BRI

1 1
Conte(T) | «x | U 13 13 s NPV 3{1;3

where, in the first line, the edges not belonging to e are striked out.

Let I,, be the ideal of H,, generated by the elements F., — F with F., € C,, and F the forest
contructed from F., by deleting the vertex ., and keeping the same preorder on V (F). For example,
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- if F., = 1‘\/33 ., then F= 1\/;2 ,
2 2
- 1fF-L :1 .2302 thenFZl{/;S.
Let C,, be the quotient algebra H,,,/I,,. So one identifies the unit 1 (for the concatenation) with the
tree .;. Note that C,, is a graded algebra by the number of edges. We note in the same way a forest and

his class in Cp,. We define on C,, a contraction coproduct on each preordered forest ' € C,, :

Ac,,(F) = Z Parte(F) ® Conte(F),
e=E(F)
= F®u+a@F+ Y Parte(F)® Conte(F).
el=E(F)
Examples.

ACPO(.l) = o1 ®01

Ac,,(12) 5 Qe+ 1

Ac,,(V*) = 'V eau+ae' P+l 41l

Ac,,(1313) = Bl oau+aolli+lloli+liold

1 1 1 1 1
ACPO(S'I\U) = 3R/;3®.1+.1®31\/;3+I%I§®I%+2\/12®I;+$%®I?+I%®f3
+1 eV + 12’V

Ac, (V1) = Vheu+ae W+l +ell+1e' V)’

+Be+uLell+ S el

1
Remark. Ac,, is non cocommutative (see for example the coproduct of 3L/; ). In particular, if T
is a preordered tree and e |= E(T'), Conte(T) is a preordered tree and Parte(T) can be disconnected.
The second component of the coproduct is linear : a tree instead of a polynomial in trees. This is a right
combinatorial Hopf algebra (see [LR10]).

Proposition 19 1. Ac,, is a graded algebra morphism.

2. Ag,, is coassociative.

Proof.
1. Let F, G be two preordered forests. Then
Ac,,(FG) = Y Parte(FG)® Conte(FG)
eEE(FG)

= Z (Parte(F)Party(G)) @ (Conte(F)Conts(G))
e=E(F),fEE(G)

Z Parte(F') ® Conte(F') Z Parts(G) ® Cont¢(G)
e=E(F) FEE(G)

= Ac,,(F)Ac,,(G),

and Ac,, is an algebra morphism. It is a graded algebra morphism with (2.4).
2. Let F' be a nonempty preordered forest. Then
(Acpo (24 Id) o ACpo (F)
= Z Ag,,(Parte(F)) ® Conte(F)
el=E(F)
= Z Z Party(Parte(F)) ® Conty(Parte(F)) ® Conte(F)
e=E(F) fl=E(Parte(F))

= Z Parts(F) @ Contg(Parte(F)) @ Conte(F),
FCeCE(F)
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and
(Id® Ag,,) o Ac,, (F)

Z Party(F) ® Ag,,(Conty(F))
FEE(F)

Z Z Party(F) ® Parte(Conty(F)) ® Conte(Conty(F))
FEB(F) e B(Cont s (F))

= Z Parts(F) ® Parte(Conts(F)) @ Conteus(F),
FEE(F).eCf

where to the last equality we use that E(Contg(F)) = f the complement of f in E(F) and
Cont(Conty(F)) = Conteuy(F).

Remark that {(e,f) | f CeC E(F)} and {(e,f) | f = E(F),e C f} are in bijection :

{e.f) | fCeCEWFE)} — {(e.f) | fEEF).eCf}
( f) = (e\f )
(eULS) « (ef).

Moreover,

— in Cont¢(Parte(F)) with f C e C E(F) : the edges belong to eN f = e\ f; the vertices are the
connected components of Partenys(F) = Party(F). The preorder on the vertices is given by the
preorder on the roots of the connected components of Part¢(F').

— in Parte(Conty(F)) with f = E(F),e C f : the edges belong to fNe = e\ f = e; the vertices
are the connected components of Partg(F'). As in the precedent case, the preorder on the vertices
is given by the preorder on the roots of the connected components of Parts(F).

So Conty(Parte(F)) and Parte(Contg(F')) are the same forests with the same preorder on the

vertices.

Therefore (Ac,, ® Id) 0 Ac,,(F) = (Id® Ac,,) o Ac,, (F).

We now define

Cpo — K
€\ F forest 0F., -

¢ is an algebra morphism.
Proposition 20 ¢ is a counit for the coproduct Ac,,

Proof. Let I be a forest € Cp,. We use the Sweedler notation :

Ac, (F)=F®. +. @F+» FHeF?,
F

Then

(e®1Id)o Ag,,(F)

e(F)er +e(c)F+) e(FW)@ F® = F,
(Id®e)oAg,,(F) = Fe(v))+ae(F)+Y FU(F®)=F

Therefore € is a counit for the coproduct Ac,, . a

As (Cpo, Ac,,,€) is graded (by the number of edges) and connected, we have the following theorem :

po’?

Theorem 21 (C,,, Ac,,,¢) is a Hopf algebra.

po?

We denote the antipode of the Hopf algebra C,, by Sc,,,. We have the same combinatorial description
of Sc,, as the commutative case (see proposition 14). We give some values of Sc,,
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— In edges degree 0, Sc,,(+1) = «1.
In edges degree 1, Sc,,(11) =—11 —.1, 8¢, (17)=—17 —.; and S¢,,(12) = =12 — ...
— In edges degree 2,

Sc,, (V) = N 213 1s 4213,
Sc, (V) = T rird il 41 41
1 1
Se, (1) = B ivninnan
So,,(1315) = —13013 41313 4 13018 413 413,
— In edges degree 3
1 1
Sc,,o<‘°’1v;3) = VP prgning —rprdng —rdrdng —nin -1l 40\

13
1
ORI SR I L R PR ER T I TR I TR SR LI PR T
G eV

Let C;lpo be the K-algebra spanned by nonempty heap-preordered forests, C/, be the K-algebra span-
ned by nonempty ordered forests, Cj_ be the K-algebra spanned by nonempty heap-ordered forests
and Cyox be the K-algebra spanned by nonempty planar forests. We consider the quotients Cpp, =
C;Lpo/(‘[ n C/hpo) C - C/ /(IPO N C/) Cho - C;Lo/(IPO n C;LO) and CNCK = C?VCK/(IPO n C?VCK)

We have in this case a similar diagram to (2.2) :

CNC’KC Cho( C\r
Chpoc—> Cpo

where the arrows < are injective morphisms of algebras. But they are not always morphisms of Hopf
algebras (for the contraction coproduct) :

Theorem 22 1. Cpypo s a Hopf subalgebra of the Hopf algebra Cp,.

2. C, is a Hopf subalgebra of the Hopf algebra Cp,.

3. Cp, s a Hopf subalgebra of the Hopf algebra C, and of the Hopf algebra Cpp,.
4. Cnok is a left comodule of the Hopf algebra Cy,.

Notations. We denote by Ac,,,,Ac,,Ac,, the restrictions to Ac,, on Cpypo, Co, Cho-

3
Remark. Cyc g is not a Hopf subalgebra of the Hopf algebra C;,,. For example, 21\/'14 € Cyck and

Ag,,( {/ I\/ ®. +.1®I\/ Bon Vo2 0’V
trel prern
Then 1113 ® 17 ¢ Cyox ® Cnek-

Proof.

1. Chppo is a subalgebra of C,,. Let us prove that if (F, o) € Cp,, and e = E(F) then (Conte(F), o)
and (Parte(F),o") € Chpo-
If a,b € V(Parte(F)), a # b, such that a — b then a, b are the vertices of a subtree of (F, o) € Cp,
and %' (a) > o' (b). With definition 18, 0¥ (a) > 0¥ (). So (Parte(F), o) € Cppo.
If a,b € V(Conte(F)), a # b, such that a — b, then a and b are the vertices obtained by contracting
two connected components A and B of Parte(F). As a — b, Ry — Rp and as (F,c!") € Cppo,
of'(Ra) > oF (Rp). Then, by definition 18, 0% (a) > 0% (b). So (Conte(F), ) € Chpo.
Therefore if (F,of) € Chpo, Ag,,(F) € Chpo @ Chypo and Cpy, is a Hopf